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Abstract 

Isometrodynamics (ID), the gauge theory of the group of volume-preserving 
diffeomorphisms of an "inner" D-dimensional flat space, is tentatively inter- 
preted as a fundamental theory of gravity. Dimensional analysis shows that 
the Planck length Ip - and through it fi and F - enters the gauge field action 
linking ID and gravity in a natural way. Noting that the ID gauge field couples 
solely through derivatives acting on "inner" space variables all ID fields are 
Taylor-expanded in "inner" space. Integrating out the "inner" space variables 
yields an effective field theory for the coefficient fields with tp emerging as the 
expansion parameter. For fi ^ Q only the leading order field does not vanish. 
This classical field couples to the matter Noether currents and charges related 
to the translation invariance in "inner" space. A model coupling this leading 
order field to a matter point source is established and solved. Interpreting the 
matter Noether charge in terms of gravitational mass Newton's inverse square 
law is finally derived for a static gauge field source and a slowly moving test 
particle. Gravity emerges as potentially related to field variations over "inner" 
space and might microscopically be described by the ID gauge field or equiva- 
lently by an infinite string of coefficient fields only the leading term of which is 
related to the macroscopical effects of gravity. 

(A scientist) appears as realist insofar as he seeks to describe a world independent of 
the acts of perception; as idealist insofar as he looks upon the concepts and theories as 
the free invention of the human spirit ( not logically derivable from what is empirically 
given); as positivist insofar as he considers his concepts and theories justified only to 
the extent to which they furnish a logical representation of relations among sensory 
experiences. He may even appear as Platonist or Phytagorean insofar as he considers 
the viewpoint of logical simplicity as an indispensable and effective tool of his research^ . 



1 Introduction 

One of the great unsolved problems in physics is the formulation of a 
consistent quantum theory of gravity. 

In the search of candidate theories for the description of gravity at 
both the classical and quantum level and guided by the principles that 

^Albert Einstein, in G. Holton and Y. Elkana (Eds.), Albert Einstein - Historical and Cultural 
Perspectives (Princeton University Press, 1982). 
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spacetime is a four-dimensional Minkowski manifold, that all fundamental 
interactions in Nature are governed by gauge symmetries and that quan- 
tum field theories of the fundamental interactions are renormalizable we 
have developed Isometrodynamics in [1, 2]. This is the gauge theory of the 
group DIFF'RP of volume-preserving or "isometric" diffeomorphisms of 
an "inner" flat space (R^,^') endowed with an a priori metric g. 

In [1] we have developed Classical Isometrodynamics within both the 
Lagrangian and the Hamiltonian frameworks and demonstrated that the 
theory can be formulated with a rigour similar to that achieved for classical 
Yang- Mills gauge field theories [3]. 

In [2] we have developed Quantum Isometrodynamics and shown that 
it can be formulated as a renormalizable, asymptotically free gauge field 
theory with a formal rigour again similar to the one achieved for Yang- 
Mills gauge theories of compact Lie groups [3]. 

By its very definition Isometrodynamics fulfills important requirements 
towards any theory of gravity such as universality, i.e. the universal cou- 
pling of gravity to all fundamental fields. 

So can we develop Isometrodynamics into a serious candidate theory 
to describe gravity consistently at both the classical and quantum level? 
This is what we will discuss in the following. 

The notations and conventions used are given in Appendix A. 

2 Isometrodynamics 

In this section we review the basics of Classical Isometrodynamics [1]. 

Let us start with some definitions and conventions. In this paper we 
will work with fields ^{x, X) defined on the product of four-dimensional 
Minkowski spacetime G (M^,?^) and an "inner" D-dimensional Eu- 
clidean space X^ e (R^,^) endowed with a fiat a priori metric Qmn- 
By definition Riem{g) = so there always exist global coordinates with 
gMN = ^MN- The fields might carry additional representations of com- 
pact Lie groups such as the color SU{3) related to the strong interaction. 
Further notations and conventions are given in Appendix A. 

Isometrodynamics is the gauge theory of the infinite-dimensional group 
DIFF'RP of all volume-preserving or "isometric" diffeomorphisms acting 
on (R^,^). 

In analogy to non-Abelian gauge theories the local invariance under 
infinitesimal " isometric" diffeomorphisms of " inner" space 

^ X"" ^ X"" + 8''{x,X), Vjv<^^^(x,X) = (1) 
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requires the introduction of a covariant derivative and a gauge field 

D^{x,X) = d^ + A^{x,X), A^{x,X)=A^^{x,X)-Vm (2) 

with components ^ transforming inhomogenously under local gauge 
transformations 

5, A, ^' = d,S^' + ^ • WnS"" - ■ VnA, ^ (3) 

to ensure the covariant transformation of ZP^. 

The related field strength operator is defined by 

F,,ix,X) = [D,{x,X),D,{x,X)] (4) 

and its components w.r.t. Vm 

F^. ^ = d^A, M _ 5^^^ M ^ AT . y M _ AT . y M (5) 

transform homogenously 

S,F,^ ^ = F,. ^ • V^^^:^ - S"" ■ V^F,. ^. (6) 

It is crucial that A^,^ and can be decomposed w.r.t Vm- They are 
elements of the gauge algebra diff R"^ and their components and 
F^^ ^ as well as £^ fuUfil 

Vm/"" = (7) 

valid for all algebra elements f^^ ensuring volume preservation. 

There are only two relevant representations of the gauge algebra. First 
we have the scalar representation with covariant derivative 

D^ = d^ + A^^ -Vm (8) 

in which all fields five with the exception of the gauge fields introduced 
above. In the sequel we will call them "matter" fields. Second, there is 
the vector representation with covariant derivative 

Vffr,^d,5''N + A,'^-VL5''N-VNA,'' (9) 

in which the gauge fields and field strength components live. Note that 
the "inner" metric has played no role so far in the definition of the theory. 
The Lagrangian for Isometrodynamics in natural units is given by [1] 

F,z.(A.^,a^A.^,VArA.^,vl) ^ 1 + Tr A F.^F^'^} , (10) 
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where Qd = {2^)0 r(D/2) ^^"^ trace operation Tryi{. . .}p involving the 
"inner" metric qmn and a new parameter A has been properly introduced 
in [1]. The parameter A carries dimension of momentum and necessarily 
occurs in Isometrodynamics to define a dimensionless volume element for 
"inner" space integrals. As shown in [1] we can reduce the trace to 

i^/i.(A.^,a,A.^,V^A.^,.l) = -^ jd^'XA^F.^'^.F^^M. (11) 

"Inner" indices in general gauges are contracted with Qmn- 

Note that rescaling A ^ pA the resulting Lagrangian is related to the 
original one by [1] 

Lin(X, A, ^(X), ...,pA)^ LinipX, pA, ^(X), . . . , .1). (12) 

In other words theories for different A are equivalent up to "inner" rescal- 
ings. 

The classical dynamics following from the Lagrangian Eqn.(lO) which 
governs the evolution of the gauge fields in four-dimensional spacetime 
has been discussed in detail in [1] and shown there to be independent of 
the "inner" metric Qmn- 

To couple any type of "matter" field the minimal coupling prescription 
suggests (1) to allow the "matter" fields to live on x R'^ - adding 
the necessary additional "inner" degrees of freedom - and (2) to replace 
ordinary derivatives through covariant ones — > in the "matter" 
Lagrangians. This prescription leads to a universal coupling of any such 
"matter" field to the gauge fields of Isometrodynamics. 

In [1, 2] we have Isometrodynamics shown to be a consistent theory at 
both the classical and the quantum level - more specifically pure Quantum 
Isometrodynamics (QID) is perturbatively renormalizable and asymptot- 
ically free, which we have explicitly demonstrated at the one-loop level. 
Coupled to the Standard Model (SM) fields QID is asymptotically free 
only for D > 7 - it is not for 2 < D < 6 and we expect observable 
asymptotic states of QID to exist for those dimensions of "inner" space. 

3 Viable Theories of Gravity 

In this section we review the basic requirements towards viable theories 
of gravity as formulated in [4]. 

Let us start with the Dickc framework stating fundamental assump- 
tions behind the formulation of any theory in physics [4]. These are that 
(A) spacetime is a four-dimensional differentiable manifold whose points 
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correspond to physical events and that (B) physical equations can be ex- 
pressed in a form that is independent of the particular coordinates used. 

The first assumption obviously holds for Isometrodynamics. W.r.t. 
the second assumption some comments are in place. We have developed 
Isometrodynamics on the same footing as the other gauge theories of fun- 
damental interactions, i.e. in a Poincare-invariant way which is per defi- 
nition not covariant under general spacetime coordinate transformations. 
In analogy to the coordinate-independent reformulation of other gauge 
theories we could restate Isometrodynamics in a generally covariant way. 
However, the dynamical content of the theory is completely contained in 
its gauge invariance formulated on fiat spacetime. Rewriting it in general 
coordinates would not add any physical content, but rather obscure its 
essence. 

In addition it is important to note that based on Wigner's theorem all 
the relativistic QFT-notions such as "particle", "one-particle state", "one- 
particle wave function" etc are deeply interlinked with Poincare invariance 
and can be consistently defined only within the realm of relativistic QFT 
on a fiat background geometry [5] . As a result of Isometrodynamics being 
formulated on Minkowski spacetime these notions can immediately be 
generalized to the context of QID. 

Let us next cite four basic criteria for the viability of a theory of gravity 
as stated in [4] against which we will check Isometrodynamics below. They 
are: 

(i) A theory of gravity must be complete, i.e. it must be capable of 
analysing from "first principles" the outcome of any experiment of interest 

(a) A theory of gravity must be self-consistent, i.e. predictions for the 
outcome of an experiment must not depend on the approach of calculating 
them if there are different ways 

(Hi) A theory of gravity must be relativistic, i.e. in the limit as gravity 
is "turned off" the nongravitational laws of physics must reduce to the laws 
of special relativity 

(iv) A theory of gravity must have the correct Newtonian limit, i.e. in 
the limit of weak gravitational fields and slow motions, it must reproduce 
Newton's law. 

To discuss these criteria in the context of Isometrodynamics we note 
that - very much unlike in the usual approach which starts with the dis- 
cussion of classical point particles interacting with gravity - the only way 
to formulate an interacting theory is by starting from a comprehensive 
field-theoretical description of Nature such as the Standard Model cou- 
pled to ID through the minimal coupling prescription given in Section 2. 
By definition this is a complete, self- consistent and relativistic framework 
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describing the interaction of the Standard Model fields with the gauge 
fields of Isometrodynamics - which validates criteria (i) - (iii). Below 
we will further comment on the technical implementation of (iii). On 
top there arc good reasons to assume that the combined SM-ID model is 
renormalizable [2] beyond one loop. 

As a consequence, the question of what interaction in Nature - if any - 
is described by Isometrodynamics boils down to whether we can interpret 
the theory in terms of gravitational physics and uncover a Newtonian limit 
to validate (iv). 



In this section we establish Isometrodynamics in SI units. 

Starting with the fact that (R^,g) is a metric space it is natural to 
measure X in units of meters, [X] — m and its Fourier-conjugate variable 
K in units of momentum, [K] = kg ■ m • s"'^ = N • s. Note that A has 
the same units [/l] = N ■ s as K. As a consequence the product of X 
and K is measured in units of an action, [X-X] = N- m- s = J- s = 
[h]. The dimension of d^X is [d^X ■ A^] = [h]^ and a dimensionless 
integration measure over is given by 



This measure is unique up to a dimensionless factor which remains un- 
specified because of the possibility of global "inner" rescalings [1]. 

Next we have [D^] = [d^] = or [A^^ ■ Vk] = ni~^ which means 
that ^ is dimensionless, [vl^ = 1. As a consequence the field strength 
components are measured in [-F;:^;/^] = m~^. 

The Lagrangian density Cm of ID from Eqn.(ll) is proportional to 

(1)^ F^^ ^ -Fi^^M and is measured in units of [F^^ = As 
[he] = N • m^ we set 



up to a dimensionless factor to ensure that Cjd has the correct dimension 
[C-id] — N • m~^. The integration over "inner" space does not change this 
because the integration measure Eqn.(13) is dimensionless. 

Finally, A carries units of momentum and wc can take it proportional 
to a mass times a velocity built from the fundamental constants of nature 



4 Isometrodynamics in SI units 




(13) 




(14) 
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h, c and r. So we set A equal to the Planck mass nip — yY ~ '^■^'^ ^ 
kg times the velocity of light c, 



A = rripC. (15) 

Note that 

A 1 

then turns out to be the inverse Planck length Ip — 1.62 x 10~^^ m. 
As a consequence we have %c — and find 

>C,z)OC-^F^,^-F^^M, (17) 
up to a dimensionless factor and independent of h. Taking this factor as 

have 



^ where g is the dimensionless coupling of Isometrodynamics we finally 



1 M 

C-iD ^ ^'^'^ ' ^' ^^^^ 

The Planck mass, length and time are the only entities carrying unit of 
mass, length and time which can be built from the three basic constants 
/j, c and r in Nature. Hence, from the dimensional analysis above the 
gravitational constant enters in a natural and up to rescalings unique way 
into ID. 

Note that U does not enter Eqn.(18) as we would expect for a field 
theory which should have a classical limit. Finally, it is important to note 
that g is the fundamental coupling constant of ID - and not F - and that 
g can be arbitrarily rcscalcd at the classical level - another reminder of 
the scale invariance of ID Eqn.(12). 

As a result the action of Isometrodynamics in SI units up to an arbi- 
trary "inner" rescaling reads 

S^-jdtjd'xj d^X l-^ ^ ^ F^, ^ . F^^ M (19) 

and is measured in the correct units [S\ — [t\[x]^[C\ = N • m • s of an 
action. 



5 Effective Field Theory for Field Modes of 
Isometrodynamics related to a Power Series 
Expansion in X-space 

In this section we analyze the field modes of Isometrodynamics related to 
an expansion of the gauge parameter, gauge fields and the field strength 
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components into power series' in "inner" space. The expansion starts off 
with the translation and rotation modes related to the local Euclidean 
subgroup E(R^) of the gauge group DIFF'RP. Expanding the action 
of Isometrodynamics and integrating out the "inner" space variables we 
derive an effective field theory for the various field modes organized in 
even powers of the Planck length which singles out the dynamics related 
to the translation mode as the leading term. 

To get a better grasp on the physics potentially described by Isometro- 
dynamics let us Taylor-expand all the gauge parameter, the gauge fields 
and field strength components in X-space up to 0(X2). The intuition 
behind this is that keeping the leading constant term in such a Taylor 
expansion only and neglecting any field variations (i.e. X-derivatives) 
around fields constant over "inner" space is tantamount to completely 
decoupling ID fields from any other field and to neglecting all ID field 
self-couplings because all interactions with the ID gauge field come in 
through field derivatives A^^^ ■ Only if we allow for field variations 
in "inner" space do we get both the ID selfinteraction as well as the inter- 
action of the ID gauge fields with other fields. Below we will show that 
we can formalize this idea to recover the usual Standard Model from the 
Standard Model coupled to full Isometrodynamics as the leading term in 
such an effective field theory expansion and validate (iii) in turn. 

As a matter of convention we will denote by lower case letters the x- 
dependent Taylor coefficients of all the gauge parameter, the gauge fields 
and field strength components of ID denoted in full by capital letters. 

Let us start with the expansion of the gauge parameter 

+ e""' as{.x)X''X^ + 0{X^) (20) 

keeping in mind Vm^*^ = 0. The first two terms are related to the local 
Euchdean subgroup E{K^) = T{D) x 0{D) of the gauge group DIFF 
with s'^^ (x) denoting local translations and s^symi^) local rotations, where 

^^^(^) = e^sU^) + eZix), m{x) = (21) 

is decomposed in its anti-symmetric and symmetric components. 
In an identical way we expand the gauge fields 

A,^{x,X) = a,''{x) + a,^ n{x)X^ 

+ a,^Rs{x)X^X' + 0{X'). (22) 

The first two terms are the translation and rotation field modes ^ and 
Qfj, respectively related to the invariance of Isometrodynamics under 
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the local Euclidean group E(R^), where 

a, ^^(x) = a, ^f^(x) + a, ^^^{x), a, m{x) = (23) 

is again decomposed in its anti-symmetric and symmetric components. 

From Eqn.(3) we next read off the transformation behaviour of the 
Taylor coefficients Eqn.(22) under gauge transformations Eqn.(20) 

<J^a^ N — Ofj,e N + £ R- Clfj, N — dn R - £ N [^^) 
+ ^ Ct/i ■ £ RN — ^ £ ■ O^n RN 



Note that the last line vanishes if we only keep the £^(R^)-transformations 
and -fields. 

Let us next expand the field strength components 

+ U.''rs{x)X''X' + 0{X'). (25) 

Again the first two terms are the translation and rotation field strengths 
fnu ^ s-nd f^u ^gy^ respectively related to the invariance of Isometrody- 
namics under the local Euclidean group E{RP), where 

fnv ^^{x) — f^i, ^symi^) + f ^-f ¥ym{^)^ ffii- m{x) — (26) 

is decomposed in its anti-symmetric and symmetric components. From 
Eqn.(5) we next read off the field strength components in terms of the 
gauge fields 

f M _ f, ^ M ^l^M.^M ^ N ^ M ^ N /97\ 
JfMU — Ofj^tti, — O^ttfj, + N ■ Cifj. — Cifj. N ■ diy [^1) 

JlJ,v N — 0^a„ AT — O^ttfj, N -r Cly R- N — CLfj, R- CLi, n 

-T ^a-ix 'Civ RN — ^O-v ■ Clfj. RN 

and from Eqn.(6) their variation under a gauge transformation 

X f M _ r N f M N 

O^J^iu — £ iV • Jfiu — Jfiu N ■ - 

(28) 

+ ^ Jixv ■ £ RN — ^£ ■ Jixv RN 



Note that each x- and X-dependent field is equivalent to an infinite string 
of purely x-dependent coefficient fields. Setting all these coefficient fields 
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but the translation and rotation modes to zero reduces Isometrodynamics 
to the Yang-Mills gauge field theory of E(R.^). 

In order to derive the dynamics of the effective fields arising in the 
Taylor expansion Eqn.(22) of the ID gauge fields we turn to inserting the 
expansion Eqn.(25) of the field strength components into the action of ID 
and integrating over "inner" space. 

Starting with the Lagrangian of ID Eqn.(19) in a Euclidean gauge 
{gMN — ^mn) 

Ljn^-J d^'X l-^^ jF,^^. F^-" M (29) 

and inserting the expansion for the product of the field strength compo- 
nents 

^ixu ■ ^ M — Jixv -J M -r ^ Jfiv ■ J MR ^ 

+ U.''r-F''msXV (30) 
+ 2f^,''.rMRsX^X' + 0{X') 

we integrate over " inner" space and finally obtain the effective Lagrangian 
for the various x-dependent field modes 



^ID — yrj/Mi^ • / M + —Jiiv R - J M 



+ |/..''-r'^M^ii+o(it)}. (31) 

This effective Lagrangian defines the dynamics of the infinite string of 
coefficient fields in the effective field expansion. 

To get this result we have in effect assumed that all fields are concen- 
trated in "inner" space in a D-dimensional cube of length Ip and vanish 
outside, i.e. that "inner" space has a finite volume 



L 



d^'X ^ 

\XR\<'-f ^ 

d^XX^ = 0, (32) 



/ , d^'XX^'X^ = 
J\xR\<-l- 12 ^ 

This is an important additional assumption which will bear interesting 
consequences - on the one hand it is the basis of the technical verification 
of criterium (iii) above, on the other it will point to masses of fundamental 
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particles being quantized, i.e. being multiples of a fundamental unit mass 
as we will argue below. Accordingly from now own we will work with 
the gauge group DIFF [— -f-, -f-]^ of diffeomorphisms preserving the D- 

dimensional cube [— -f-, -f-]'^- 

By construction the dependence of the Lagrangian Eqn.(31) on the 
"inner" space variables has completely dissappeared and the resulting ef- 
fective field theory is organized in terms of even powers of the Planck 
length. As — ^ all but the leading term vanish in the hmit % ^ Q 
and are of true quantum nature. In other words the effective field theory 
reduces in the classical limit to the leading term in the expansion which in 
turn determines the translation mode dynamics which becomes Abelian 
in this hmit. Note that strictly speaking there is no classical hmit of the 
pure gauge theory because of asymptotic freedom (and its fiip side con- 
finement). Only in the presence of the Standard Model fields QID is not 
asymptotically free for 2 < D < 6. In the following we will assume the 
SM fields present and 2 < D < 6 so that asymptotic ID states and a 
classical limit exist. 



6 Coupling to Matter and Classical Point 
Particle Equations 

In this section we analyze a simple model - Isometrodynamics coupled 
to a Dirac spinor (and with all SM fields in the background to avoid 
confinement). Expanding the fields as in the previous section and retain- 
ing the leading order terms only we show that the translation mode of 
the effective field theory couples to the conserved Noether current of the 
Dirac field related to global translation invariance in "inner" space. In 
complete analogy to Electrodynamics we then write down the relativistic 
Lagrangian of a classical point particle carrying ID charge K'^ interacting 
with the translation mode ^ of the ID gauge field. 

Let us start with the Lagrangian density of a free Dirac spinor in SI 
units 

Cd=^ \hc-t^d^ + mc^] ^. (33) 

The minimal coupling prescription requires us to re-define the Dirac field 
il>{x) ^{x,X) on X l—^,^]^ ~ adding the necessary additional 
"inner" degrees of freedom - and to replace ordinary derivatives through 
covariant ones 9^ — > = 5^ -f- yl^ • Vm in the Lagrangian above. As 
a result we get 



ncY{d^ + A^'''-WM) + mc' (34) 
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The coupled system is a simple model with the action 



hc-i^{d^ + A^^ ■ Vm) +m^]A. (35) 



S^-jdt jd'x Jd^Xl-^l -^.jF.^'^.F^'^M 



+ ^ 



Note that if the Dirac field would be constant over "inner" space it would 
automatically decouple from ID because ID fields couple to field variations 
over "inner" space only. We then could integrate over "inner" space and 
would recover in effect the action Eqn.(33) we started with before minimal 
coupling. The same holds true for any field theory such as the Standard 
Model. It is in this sense that in the limit of ID being "turned off' the 
non-ID laws of physics reduce to the laws of special relativity - technically 
validating criterium (iii). 

Expanding next the ID gauge field as in the previous section, retaining 
only the leading translation mode and focusing on the interaction term in 
the action Eqn.(35) above we find 

SiNT = - Jdt Jd^xa^,^ ■ J d^X l-^^hc^^u ^ 

= - jdt jd^xa^^-fM. (36) 

Here 

fM = jd^'Xl-^^nc-f^'VM^ (37) 

is the conserved Noether current related to the global translation invari- 
ance of the Lagrangian density Eqn. (34) as discussed in detail in [1] . Note 
that this current coupling to the gauge field carries the dimension of an 
energy density, yet is not the usual energy-momentum tensor. 

In Electrodynamics to get the classical description of a point charge 
corresponding to the quantum description based e.g. on Dirac's equation 
coupled to the electromagnetic field the Noether current = eifjUc^^il) 
of the quantum theory related to global ?7(l)-invariance is replaced by 
a point charge e carried along the classical trajectory y^ir) of the point 
particle j^{x) ce J dry^ 5'^{x — y{T)) with r denoting the proper time. 

In tentative analogy we replace Eqn. (37) by 



3' 



m{x)^cKm j dTrS\x-y{T)), (38) 

in effect turning to a description of a classical point particle carrying the 
conserved "inner" momentum cKm — J d^x j'^ M{t,^) along its trajec- 
tory. This is a good approximation at least for currents m{x) strongly 
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concentrated in three-dimensional space around y{T). However, this ap- 
proximation destroys the local nature of the Noether current - which will 
come at an important price as we will see below. 

The effective action for the theory coupling the translation field mode 
and the classical point particle with rest mass becomes 

- j dr'^y^r- j dra,^ -Kur (39) 

which is the core result of this section. 

Let us finally check the gauge- invariance of Eqn.(39) under the lead- 
ing term of Eqn.(20). The first two terms are obviously gauge- invariant 
whereas for the third we find 

5,SiMT = -/ drd^e^-KMr 

r de^ 

= - J dr-^-KM^O (40) 

if the gauge parameter £^{y{Ti)) = £^{y{T2)) = vanishes at the bound- 
aries. So Eqn.(39) defines an Abelian gauge theory, though not based on 
the usual U(l) Abehan gauge group. 

7 Leading Order Solution of the Coupled 

System 

In this section we solve the coupled system of a classical point particle in- 
teracting with the translation mode of the effective field theory and obtain 
potentials analogous to the Lienard-Wiechert potentials in Electrodynam- 
ics. 

From Eqn.(39) it is easy to derive the equations of motion for the 
combined system 

jd^ru = g'cKMjdTrS\x-y{T)) (41) 
m^y^ = f^.^'-KMyr (42) 

Note that in this approximation all the higher modes ^ ij, ttfj^^ rs, ■ ■ ■ 
vanish and the effective theory linearizes. 

In the Lorentz gauge d^a'^ m = Eqn.(41) becomes 

^ d^ay M = 9^KMjdT r S\x - y(r)) (43) 
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which is easily solved using the retarded Green function 

Gret{x)^-^e{Xo)S{x^) (44) 

fulfilling d'^Gret{x — y) = — y). As a result we obtain the Lienard- 
Wiechert potentials for Isometrodynamics 

<etM{x) = ^^^^Km j dreix' -y%T))5{{x-y{T)f) r{T) 

= -f^KM-^ r. (45) 

47r y+-[x- y+) 

Above we have introduced y+ = y{T^) which is the uniquely determined 
retarded point on the particle trajectory with 

(x-y+f^O, yl<x". (46) 

For r = X — y_i_ and v = ^ ^^^^ the potentials read more explicitly 

a%(x) = f-,KM ^—r (47) 

4:71 c-^ r — r • V 

r V 

3iM{x) = j-^KM T, (48) 

where bold letters indicate three-vectors. 

In analogy to Electrodynamics we next introduce the Isometro-electric 
and Isometro-magnetic field components m and m respectively 

M = F^'^ M, M = ^^^'^FjkM, (49) 

where ^'-'^ is the totally antisymmetric tensor in three dimensions. 

The efi^ectivc Isometro-electric and -magnetic field components to lead- 
ing order are then easily found to be 

r ^ (r-rv)(l-«2) + rA((r-rv)Aif) 

= --. ^ 7 rr^ (50) 

An (T [r — r ■ v)"* 

r 

bju = - A Cm (51) 
r 

and reduce to ^ 

Bm^-^^Km^, bM = (52) 
47r r"* 

in the static approximation v = 0. The field components are in complete 
analogy to Electrodynamics and there is radiation by accelerated point 
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particles in the effective field theory - terms oc ^ only contribute at short 

distance and the long-ranging terms oc Mn Eqn.(50) are the ones related 
to radiation. The formal analogy of the effective field approximation to 
leading order between Isometro- and Electrodynamics can be used to eas- 
ily transfer powerful techniques such as the multipole expansion to the 
effective field theory. 



8 Newton's Inverse Square Law 

In this section identifying the lengths of the "inner" momentum vectors 
with the point particle rest masses and taking the two "inner" momen- 
tum vectors of the point particles generating and sensing the translation 
field mode respectively as anti-parallel to fix one of the parameters of the 
effective field theory we obtain Newton's inverse square law. 

To make a further step in tentatively interpreting ID let us turn to the 
motion of a point particle A with trajectory and "inner" momentum 
interacting with the fields Eqns.(50) and (51) generated by another 
point particle B with trajectory and "inner" momentum K'^ within 
the realm of the effective field theory developed in the previous sections. 
We are specifically interested in the limiting case where B is static and A 
moves slowly and find from Eqns.(42) and (52) with (c, ^) for this 
case 

dt^ 47r |zP 

Note that both K and Q are Euclidean vectors in so that their 
scalar product can be expressed as 

KmQ^ ^K\\Q\cos9, (54) 

where 9 is the angle between the two vectors and | i^T | > 0, | Q | > carry 
the dimension of momentum. 

If we tentatively identify | | = rrij^c and | Q | = f^'qC-, where is 
the inertial mass of the point particle B and the inertial mass of the 
point particle A, we find 

rrij, --TT = — r mj,m„ cos9 -. — ^. (55) 
dt^ Air * |z|3 

2 

Apart from the factor ^ which can be absorbed in a rescaled g we find 
a force law which depends on the relative direction of K and Q and which 
reduces exactly to Newton's law if K is anti-parallel to Q, i.e. choosing 
the effective field theory parameter cos^ — —1. 
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Hence, the effective field tfieory developed in the previous sections ap- 
proximating Isometrodynamics can reproduce Newton's law in a natural 
way if we interpret the "inner" vectors K, Q, . . . as gravitational mass 
vectors with lengths identical to the inertial masses of the respective point 
particles m^c, m^c, .... Hence an interpretation of ID in terms of grav- 
itational physics leads to the notion of gravitational mass having vector 
character in "inner" space. 

Ultimately the directions of these "inner" mass vectors K, Q should 
be determined by the full local dynamics of ID - in the approximation 
analyzed here they are fixed and determine the force between two point 
particles to be either attractive or repulsive with Newton's law resulting 
in the hmiting case of K being anti-parallel to Q. This is the price we 
pay for replacing the local Noether currents couphng to the gauge fields 
by non-local charges carried along point-particle trajectories. 

As noted it is the full dynamics which should determine the relative 
directions of K and Q - but at least a heuristic argument for cos 6* = — 1 
can be established looking at the interaction energy in the static approx- 
imation 

rtiNT ^ 5 = 1 cos e. (56) 

47r r Att r 

Viewed as a function of cos 6 the energy is minimized for cos 9 = —1 or K 
being anti-parallel to Q, hence in the Newton case. 

As a non-trivial additional result the effective theory automatically 
yields a universal trajectory for all classical point particles moving in the 
effective translation mode field - technically Eqn.(42) can be rewritten as 

z, = f,.''^z'^ (57) 

which is independent of m^. We have recovered the Weak Equivalence 
Principle in the limit of classical point particles. 

Core to get the correct Newtonian limit have been the identification of 
the length of the conserved "inner" momentum vector with the particle 
mass - in effect representing gravitational mass in Isometrodynamics as a 
Euclidean vector - and the possibility to set the angle between two such 
vectors, the effective parameter cos^^ = — 1. 

Note that the identification of "inner" momentum vectors with the 
particle mass might indicate mass quantization - for the simple fact that 
if " inner" space is compact the " inner" momentum vectors being Fourier 
conjugates of the "inner" space points X become discrete. Indeed for a 
generic matter quantum a'{k, K; m^) \ 0) generated from the vaccuum we 
can measure the "inner" momentum of the state vector 

a\k, K- \ 0) = [K^ , a\k, K; m^)] \ 0) 
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= a\k,K;m^) |0), (58) 

where denotes the "inner" momentum operator. Because of the com- 
pactness of " inner" space we find for the square of the " inner" momentum 

RmK"" ^myo,^- Y: riM^eN^ (59) 

'P M=1,...,D 

after identification of | iiTj = m^c. As a result the masses squared of 
one-particle states corresponding to fundamental fields might turn out 
to be integer multiples of the Planck mass nip squared oc • 
X)m=i,...,z) ^if^- This indeed points to mass quantization. 

There is one important open point related to the identification of | i^T | = 
m^c. For general state vectors a^{k, K; m^) 1 0) spanning the one-particle 
asymptotic Hilbert space k and K will not be related as is the case for 
the states with | | = m^c. So the incoming and outgoing asymptotic 
one-particle states which can be identified with observable point particles 
on the basis of | K | = m^c form only a subset of the full asymptotic 
Hilbert space. As a consequence the relation of general one-particle QFT 
states and observable point particles has to be further clarified. 

Note finally that we have two different conservation laws for theories 
defined on M*^ x R"^ - energy momentum conservation related to space- 
time translation invariance and "inner" momentum conservation related 
to global "inner" translation invariance. And both are related to the 
invariant particle masses. Could this lead to additional, experimentally 
verifiable kinematical restrictions on processes such as two-body scatter- 
ing? 

9 Effective Field Theory and Spacetime Ge- 
ometry 

In this section we analyze the behaviour of rods and clocks in the presence 
of effective translation field modes and discuss the connection of ID with 
the General Theory of Relativity (GR). 

To do so let us analyze the line element measuring invariant space- 
time distances at the spacetime point y in the presence of gauge fields. 
Note that " invariant" in the context of ID means gauge- invariant and not 
invariant under general coordinate transformations. 

The line element has to be the gauge-invariant generalization of the 
line element at point y in the absence of gauge fields 

els'" = - dy^ dy>' ^-y^r da^ , (60) 



17 



where a is an invariant parameter along the spacetime trajectory to be 
measured and ' denotes a derivative w.r.t. a. 

Noting that it is always possible to gauge away ID gauge fields in one 
point [1] the natural gauge-invariant generalization of the line clement 
Eqn.(60) in the presence of an effective translation background field is 



where the gauge invariance has been shown in Section 6, Eqn.(40). This 
expression does not depend on the specific test body following the trajec- 
tory y^{a) and applies in particular to any rod or clock on the trajectory 
- the reason it is indeed measuring invariant spacetime distances. 

For the gauge field Eqn.(47) generated by a static point particle with 
mass ttIq located in the origin of the coordinate system the invariant 
distance becomes 



where we have made use of Q Km = f^qC ■ rrij^c cos9 and took the pa- 
rameters cos 6 = —1 and |^ = 1 in the effective field theory in accordance 
with the Newtonian limit. 

This means that clocks in the presence of a static Newtonian potential 
Eqn.(47) tick slower or more generally that the spacetime metric measured 
in experiments is not fiat - reproducing a core result of General Relativity 
[6, 7]. Note that this fact does not destroy the fundamental role of the 
Minkowski metric played in the very development of Isometrodynamics as 
a field theory formulated on fiat spacetime [1,2]- essentially because the 
fundamental fields are the ID gauge fields and the measured spacetime 
metric is just one of many gauge-invariant observables derived from the 
fundamental fields. 



10 Radiation of Classical Point Particles in 
the Effective Field Theory 



In this section we determine the gravitational radiation of a classical point 
particle in the effective field theory approximation and calculate as an 
illustration the power radiated by earth on its orbit around the sun. 




(61) 




(62) 
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Let us start with the gauge-invariant and symmetric energy- momentum 
tensor for Isometrodynamics [1] in SI units 

0^.= -j d^'X r.^'^j r?^ . F"'^ M - F^'^M- F,, . (63) 

As shown in [1] this tensor is conserved 

d^e\ = 0. (64) 
The corresponding time-independent momentum four- vector 

P^ = ld'xe\ (65) 

fulfills 

-doP^^ jd^xdie\. (66) 

We now rewrite Eqn.(63) for = with the use of the Isometro-electric 
and Isometro- magnetic field components E\j and B\j Eqns.(49) 

j d^X l-^'^.j (e^ • Em + • Bm) > 0, 

e\ = j d^x /;^^^ (e^ a Bm)\ (67) 

where we have explicitly calculated both the energy density 0° o check 
the correct normalization and the Poynting vector 6*' o in Isometrody- 
namics. Insertion in Eqn.(66) yields 

1 dPg f ,1 ^ /".n,,, n 1 



c* l'''^6.I^^Xl;-J-L{E-.B.,)'. (68) 

In the following we work with the leading order Isometro-electric and 
Isometro-magnetic translation field mode which depends on spacetime 
coordinates only and is constant over "inner" space. 

Integrating over "inner" space and using Gauss's theorem we find 

1 dPo 



1(^8,(6^ A bM)\ (69) 



c dt r 

where dS = n dQ with n = - is the directed two-dimensional surface 

r 

element. 

Taking the explicit form of the Isometro-electric and Isometro-magnetic 
field components Eqns.(50) and (51) in the wave zone oc ^ 

r n A f(n- v) A 1 
(1 — n • v)-^ r 
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2 

where we have set |^ = 1 to be in accordance with the correct Newtonian 
hmit as discussed in the previous section, we find 

A bM = (e^ • Bm) n. (71) 



e 



Defining F^et = ^ the radiated angular power distribution is then 
easily found to be 

dP , r . o |n A f(n - v) A 

dn - f?'^^'' (l-n-v)5 ' ^^^^ 

where denotes the mass of the radiating point particle. Note that a 
factor of = 1 — n ■ V has decreased the exponent in the denominator 
by one. Integrating out the angles leaves us with the relativistic Larmor 
formula for Isometrodynamics 

o 7-" I d,v 12 I A dv \2 



P ^ ™2 2 I dtret ' ' dtret ' 

" T ? ""-"^ {1^^ ' ^^^^ 

Note that accelerated point particles in Isometrodynamics come along 
with dipole radiation as they do in Electrodynamics - a prediction which 
distinguishes ID clearly from GR [4, 6, 7]. 

As an application let us determine the power radiated by the earth's 
accelerated orbit around the sun. Approximating the trajectory by a 
cercle with radius p the formula Eqn.(73) further simplifies to 

-P„. = yr<-^^— (74) 

Putting numbers into Eqn.(74) results in a power of 26.4 Gigawatts 
radiated off by the earth. 



11 Conclusions 



In this paper we have proposed a tentative interpretation of Isometro- 
dynamics in terms of gravitational physics on the basis of ID fuUfiUing 
central requirements towards any theory of gravity. In particular ID fuU- 
fils universality - i.e. the automatic coupling of gravity to all fundamental 
fields - which we believe is essential to the nature of gravity. 

In GR universahty is built into the theory in terms of spacetime ge- 
ometry, i.e. the universal trajectories of classical particles are taken as 
geodesies and can be interpreted as directly related to spacetime and its 
geometry irrespective of the inner composition of a test particle. The task 
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in GR is then to find the relation between spacetime geometry and matter, 
which results in Einstein's equations. A heuristic generalization invoking 
the principle of equivalence finally allows to write down the coupling of 
non-gravitational fields to the spacetime metric [4, 6, 7]. 

In ID universality is built into the theory in gauge-symmetry terms, i.e 
by gauging the group of volume-preserving diffeomorphisms represented 
on a D-dimensional "inner" space attached to each spacetime point. This 
results automatically in an universal coupling of the ID gauge fields to 
any non-gravitational field. The task is now to define the dynamics of the 
ID field which has been tackled in [1]. In this emerging picture gravity 
couples to variations of the non-gravitational fields over "inner" space. 
Turning off gravity then amounts to only keeping the mode of any non- 
gravitational field constant over "inner" space. 

To technically develop the program above our starting point has been 
the dimensional analysis of pure Isometrodynamics which introduces the 
Planck mass and length in a natural way into the theory and which fixes 
the unique combination in which c and notably F, but not h, enter the 
Lagrangian density of ID. 

Noting that ID couples solely through derivatives acting on "inner" 
space variables - hence only to fields varying, but not to fields constant 
over "inner" space - we have Taylor-expanded all the gauge parameters, 
gauge fields and field strengths of ID in the "inner" space variable X. This 
expansion in terms of X-derivatives amounts to a weak coupling approx- 
imation. Note that the resulting infinite string of spacetime dependent 
coefficient fields in the expansion corresponds one-to-one to the full ID 
fields depending on both spacetime and "inner" space variables. 

Restricting the full fields to live inside a finite- volume cube of tentative 
length Ip of "inner" space, truncating the expansion at O(X^) and inte- 
grating out the "inner" space variables has resulted in an effective field 
theory for the lowest expansion modes organized in even powers of the 
Planck length - ot h- with the leading mode corresponding to the "inner" 
global translation symmetry of the full theory. In the limit h ^ only 
the dynamics for this leading mode does not vanish - singleing out the 
translation mode and its dynamics as the classical remnant of full ID. 

Turning to a model with ID coupled to a Dirac spinor we have found 
that the translation mode of the ID gauge field expansion couples to the 
conserved Noether current related to the "inner" global translation in- 
variance of the Dirac Lagrangian. In analogy to Electrodynamics we 
then have approximated this current by a point particle carrying along 
the corresponding Noether charge, in the ID case the conserved "inner" 
momentum K. As a result we have obtained an effective theory for the 
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translation mode coupled to a classical point particle carrying "charge" K. 
This approximation should make sense for slowly varying ID fields inter- 
acting with "matter" field currents strongly concentrated around a point 
particle trajectory - hence, in a classical world. The resulting effective the- 
ory is solvable for the gauge fields generated by relativistic point sources 
in complete analogy to Electrodynamics yielding the Lienard-Wiechert 
potentials for ID. 

In an additional approximation we then have looked at an ID field 
generated by a static point source and a test particle slowly moving in that 
field. The resulting equation of motion suspiciously looks like Newton's 
equation of motion for a particle moving in the Newtonian gravitational 
field generated by a static point mass. Indeed, interpreting the "inner" 
vectors K, Q of the two particles involved as "gravitational mass vectors" 
with lengths identical to their inertial masses c, c - and taking them 
to be anti-parallel in "inner" space - yields Newton's inverse square law 
for the gravitational force between two point masses. 

There are a few potentially far reaching implications from the identifi- 
cation of gravitational mass with the "inner" vectors K the most impor- 
tant of which is the possibility of mass quantization related to the discrete 
nature of the " inner" vectors K following from the assumed compactness 
of "inner" space. Second there are the implications following from the 
two different conservation laws for energy- momentum and for the " inner" 
vectors K related to the inertial mass. And a third one is the universal- 
ity of the trajectories of point masses moving in translation mode fields 
which is equivalent to the validity of the weak principle of equivalence in 
the effective field theory approximation to leading order. 

Finally we have analyzed the potential consequences of our interpre- 
tation of ID as a theory of gravity for the spacetime geometry and for 
point particle radiation. We have found that spacetime geometry looks 
curved to a classical observer the same way as GR predicts - at least for 
weak Newtonian-type fields. In contrast to GR though we have found 
that theres is dipole ID radiation of accelerated point sources - GR would 
predict the occurrence of quadrupole radiation only. 

In summary the following tentative picture is emerging: what we expe- 
rience macroscopically as gravity is the translation mode of the ID gauge 
field which couples to matter through the Noether current related to "in- 
ner" translation invariance or - for matter being strongly concentrated 
in small spacetime volumes - through the corresponding Noether charge 
which is the "inner" momentum vector K playing the role of "gravitational 
mass" . This reproduces Newton's inverse square law for the gravitational 
force between two point masses. Macroscopically all other degrees of free- 
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dom of the ID gauge field are " frozen" down to reasonably small distances 
or high momenta of the ID field quanta. Microscopically all modes of the 
ID field start contributing and recombine to the full ID gauge field obeying 
a dynamics which by construction looks renormalizable as has explicitly 
been shown at the one loop level in [2]. 

Obviously there are many tentative/speculative/unsolved elements in 
our approach which require further clarification. 

On the macroscopic/classical level the full field dynamics should de- 
termine that the directions of K, Q are anti-parallel in order to yield 
Newton's law. Then, comparison of the energy loss due to dipolc radia- 
tion of accelerated particles in ID with the orbital phase shift of the binary 
pulsar PSR 1913 -|- 16 should at least be shown not to rule out ID as a 
candidate theory for gravity. And refining the approximation scheme be- 
yond the linear terms should eventually allow for a derivation of important 
results such as the perihelion precession of Mercury. 

On the microscopic/quantum level a full prove of renormalizability 
and the existence of asymptotic states in view of the asymptotic freedom 
of pure ID have to be estabhshed and the values of both the appropri- 
ate dimension D of "inner" space and of the coupling constant g have 
to be determined through anomalous scaling effects - where full Quan- 
tum Isometrodynamics will meet experiment. Finally the relation of state 
vectors in the asymptotic Hilbert spaces with observable particles and 
classical fields has to be further clarified. 

What makes Isometrodynamics an attractive candidate for a consistent 
classical and quantum theory of gravity in the first place is its structural 
analogy with the existing gauge field theories of the electromagnetic, weak 
and strong interactions. If it was the "right" theory we would finally have 
a unified view of Nature and a consistent framework to describe all funda- 
mental interactions at all scales and without any logical or mathematical 
rift between the worlds of classical and quantum physics. 

A Notations and Conventions 

Generally, small letters denote spacctime coordinates and parameters, 
capital letters coordinates and parameters in "inner" space. 

Specifically, (M"*,!^) denotes 4-dimensional Minkowski spacetime with 
the Cartesian coordinates x'^ ^ , . . . and the spacetime metric r/ = 
diag(— 1, 1, 1, 1). The small Greek indices A, //, zv, . . . from the middle of 
the Greek alphabet run over 0, J , 2, 3. They are raised and lowered with 
rj, i.e. = Tj^y etc. and transform covariantly w.r.t. the Lorentz group 
S0{1, 3). Partial differentiation w.r.t to x^^ is denoted by = Small 
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Latin indices i,j,k,... generally run over the three spatial coordinates 
1,2,3 [5]. 

(R.^,g) denotes a D-dimensional real vector space with coordinates 
X^,Y^,Z^,... and the fiat metric 9m N with signature D. The metric 
transforms as a contravariant tensor of Rank 2 w.r.t. DIFFTiP . Because 
Riem(5f) = we can always choose global Cartesian coordinates and the 
Euchdean metric 5 — diag(l, 1, . . . , 1). This is a partial choice of gauge 
called Euclidean gauge above. The capital Latin indices L, M, N, . . . from 
the middle of the Latin alphabet run over 1,2, ... ,D. They are raised 
and lowered with g, i.e. Xm = qmn^^ etc. and transform as vector 
indices w.r.t. DIFF'RP. Partial differentiation w.r.t to X'^ is denoted 
by Vm = §xM- 

The same lower and upper indices are summed unless indicated other- 
wise. 
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